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Abstract The atomic-level computational results of

the mechanical properties of Multi-Walled Carbon

Nanotube (MWCNT) reinforced poly-vinyl-ester-

epoxy obtained in our recent work [Grujicic M, Sun

Y-P, Koudela KL (2006) Appl Surf Sci (accepted for

publication, March)], have been utilized in the present

work within a continuum-based micro-mechanics for-

mulation to determine the effective macroscopic

mechanical properties of these materials. Since the

MWCNT reinforcements and the polymer-matrix

molecules are of comparable length scales, the rein-

forcement/matrix interactions which control the ma-

trix-to-reinforcement load transfer in these materials

are accounted for through direct atomic-level modeling

of the ‘‘effective reinforcement’’ mechanical properties.

The term an ‘‘effective reinforcement’’ is used to denote

a MWCNT surrounded by a layer of the polymer ma-

trix whose thickness is comparable to the MWCNT

radius and whose conformation is changed as a result

of its interactions with the MWCNT. The micro-

mechanics procedure yielded the effective continuum

mechanical properties for the MWCNT-reinforced

poly-vinyl-ester-epoxy matrix composite mats with a

random in-plane orientation of the MWCNTs as a

function of the following composite microstructural

parameters: the volume fraction of the MWCNTs, their

aspect ratio, the extent of covalent functionalization of

the MWCNT outer walls as well as a function of the

mechanical properties of the matrix and the rein-

forcements.

Introduction

Due to a perceived potential for large gains in

mechanical and physical properties as compared to

standard structural materials, nano-structured (in

particular, carbon nanotube-reinforced polymer-

matrix composite) materials have spurred consider-

able interest in the materials community. In other

words, the exceptional physico-mechanical properties,

high aspect ratio and low density of the single-walled

carbon nanotubes (SWCNTs) and multi-walled car-

bon nanotubes (MWCNTs) have made them ideal

mechanical reinforcement candidates for the next

generation of polymer-based composites [1]. The

elastic modulus as high as 1TPa and a tensile strength

close to 60 GPa have been reported in SWCNTs.

These values are five and at least thirty times greater

than their respective counterparts in steels, and at

only one sixth of the weight [2–5]. Thus, the SWCNTs

appear to be ideal mechanical reinforcements for

lightweight composite systems. However, the material

and the processing cost for the SWCNTs, even

when they are produced using large-scale high-yield
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technologies, are very high primarily due to the costly

separation and non-destructive purification process-

ing. Consequently, while the mechanical properties of

MWCNTs are generally less attractive (the elastic

modulus typically around 350 GPa and a tensile

strength around 8 GPa) relative to those found in the

SWCNTs, the lower-cost MWCNTs are currently

being considered as a more realistic mechanical

reinforcement candidate for the commercially viable

polymer-matrix composites.

A number of experimental investigations reported

in the literature established that the mechanical prop-

erties of both SWCNT- and MWCNT-reinforced

polymer-matrix composites are significantly below

their theoretically predicted potential [e.g., 6] and that

they are controlled by the extent of dispersion of the

nanotubes in the polymer matrix and by the nanotube/

polymer interface bond strength [6–9]. The nanotube

reinforcements are often found aggregated into bun-

dles (ropes), weakly interacting via the van der Waals

attractive forces [10, 11]. Such bundles can contain up

to several hundred nanotubes arranged in a hexagonal

lattice [10, 12]. The nanotubes within a bundle can

easily slide relative to each other giving rise to a low

value of the shear modulus of the carbon nanotube

bundles [10]. As an example, the elastic modulus of the

microscopic polymer-free SWCNT-based fibers and

strands are found to be only 80 GPa [13] and 77 GPa

[14], respectively. In addition to reducing the shear

modulus, the nanotube aggregation gives rise to the

undesirable reduction in the reinforcement aspect

ratio.

Obtaining a homogeneous dispersion of the

nanotubes in the polymer matrix is not easily accom-

plished for a number of reasons the primary one being

very low solubility of the nanotube bundles in most

solvents [15]. As far as the nanotube/polymer interfa-

cial-bonding strength is concerned, its magnitude is

believed to be limited by the atomically smooth, non-

reactive nature of the nanotubes outer wall [1]. This, in

turn, limits the load transfer from the polymer matrix

to nanotubes which controls the extent of stiffening/

strengthening induced by the nanotube reinforcements.

To address these problems, several strategies for syn-

thesis of the nanotube-reinforced polymer-matrix

composites have been developed, including solution-

casting with ultrasonication [16–21], melt-mixing [22,

23], surfactant-assisted processing [24], surface modi-

fication strategies (e.g., grafting and polymer wrap-

ping) [25], and in-situ polymerization of monomers in

the presence of carbon nanotubes [26, 27]. All these

efforts/approaches have so far resulted in relatively

modest improvements of the homogeneity of nanotu-

bes distribution within the polymer matrix and of the

nanotube/polymer interfacial bond strength.

The extremely small dimensions of the nanotubes

(the diameter of a couple of nano-meters and the

length of a few microns), present serious challenges for

experimental characterization of nanotube-based

reinforcement phenomena in the polymer-matrix

composites. Macroscopic tensile tests used to study the

elastic/plastic deformation and fracture behavior of the

nanotubes-reinforced polymer-matrix composites suf-

fer from a number of serious limitations, the two most

important being: (a) insufficient load and displacement

resolutions to capture the changes in stress/strain

behavior at the micro and nano scales [28, 29] and (b)

fabrication of the macroscopic tensile test specimens

can often introduce surface flaws and, hence, undesir-

able stress concentrations [28, 29]. It is generally

accepted that the nano-indentation and nano-scratch

based experimental techniques combined with high-

resolution imaging (e.g., electron microscopy) are

currently the most reliable and accurate methods for

studying and quantifying the effect of nanotubes on the

deformation behavior of polymer-matrix composites

[28, 29]. It is also generally recognized that atomic-

level calculations based on the high-fidelity multi-body

quantum-mechanics based forcefields to account for

the inter- and intra-molecular atomic interactions is

critical for obtaining a better understanding of the

phenomena controlling the nature and the level of

nanotube-induced stiffening/strengthening (e.g., inter-

facial bonding and matrix-to-reinforcement load

transfer mechanisms) in polymer-matrix composites

[e.g., 30, 31].

In our recent work [32], such atomic-level calcula-

tions were carried out to understand the role of

sidewall functionalization of a model MWCNT (i.e., a

(5,5) (10,10) (15,15)) three-walled carbon nanotube

(3WCNT) in a vinyl-ester-epoxy polymer matrix on

the matrix-to-reinforcement load transfer and on the

resulting atomic level mechanical properties. It should

be noted that while the sidewall functionalization can

be achieved in many different covalent and non-

covalent ways, covalent functionalization is generally

believed to yield better load transfer between the

matrix and the reinforcements (although such func-

tionalization may promote matrix/reinforcement

interfacial fracture through the introduction of defects

in the outer wall of the nanotubes). On the other

hand, when in addition to providing mechanical

reinforcement to the polymer matrix, the nanotubes

are required to retain their good electrical properties,

functionalization of a non-covalent character should

be chosen so that the electronic characteristics of the
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carbon nanotubes (governed by their sp2 hybridiza-

tion) are not altered. In our ongoing work [33] (the

present paper is a part of the ongoing work), a new

class of MWCNT-reinforced poly-vinyl-ester-epoxy

based armor for mitigation of the effects of Impro-

vised Explosive Devices (IEDs) is being developed.

For such armor, a good load transfer between the

polymer matrix and the nanotube reinforcements is

important for its structural performance and its ten-

dency for interfacial failure is critical for its energy-

absorbing ballistic performance while no retention of

the good electrical conductivity of the nanotubes is

required. That is the reason why the role of covalent-

type MWCNT-sidewall functionalization on the

matrix-to-reinforcement load transfer has been

investigated in the present work.

The atomic-level mechanical properties in 3WCNT-

reinforced poly-vinyl-ester-epoxy obtained in our

recent work [32] include, in an implicit manner, the

atomic-microstructure dependent interfacial load

transfer phenomena and the effect of the altered

polymer matrix conformation in the region surround-

ing the reinforcement. These matrix reinforcement

regions are found to be comparable in thickness with

the reinforcement radius and are fully entangles with

the surrounding polymer matrix ensuring a full load

transfer. Hence, it appears justified to consider the

resulting composite microstructure as consisting of

continuum ‘‘effective reinforcements’’ embedded into

and fully bonded with a bulk-like polymer matrix. The

term ‘‘effective reinforcements’’ is used to denote the

assembly of 3WCNTs and the surrounding interfacial

polymer matrix, Fig. 1, where the mechanical proper-

ties of such reinforcements have been determined (as a

function of sidewall covalent functionalization) in our

recent work [32]. The objective of the present work is

then to employ the existing continuum-based

micro-mechanics models to determine the effective

mechanical properties of 3WCNT-reinforced poly-

vinyl-ester-epoxy as a function of the extent of

covalent functionalization, 3WCNT aspect ratio, and

reinforcement volume fraction. While the method used

enables the determination of such properties for vari-

ous spatial distributions of the reinforcements within

the matrix; the method is applied only to the class of

sheet-like 3WCNT-reinforced poly-vinyl-ester-epoxy

mats in which well-dispersed nanotubes are parallel

with the mat faces but have a random in-plane orien-

tation. Such mats have been produced in our ongoing

work [33] through a combination of nanotube-rein-

forced fiber spinning and fiber lay-out techniques. The

resulting effective composite mechanical properties are

cast into models directly suited for use in commercial

finite-element structural and ballistic analysis com-

puter programs.

The organization of the paper is as follows: A de-

tailed description of the derivations of the material

models for the constituent materials (i.e., the 3WCNT-

based effective reinforcements and the poly-vinyl-

ester-epoxy matrix) and of the composite effective

mechanical properties are presented in sections

‘‘Mechanical properties of the constituent materials’’

and ‘‘Micro-mechanics based analysis of composite

effective mechanical properties,’’ respectively. The

main results pertaining to the ballistic performance of

an armor made of the 3WCNT-reinforced poly-vinyl-

ester-epoxy matrix composite obtained in the present

work are presented and discussed in section ‘‘Testing

of the present model,’’ while the key conclusions

resulted from the present study are summarized in

section ‘‘Summary and conclusions.’’

Computational procedure

Mechanical properties of the constituent materials

In this section, a brief overview is given of the basic

mechanical properties of the two constituent materials:

the 3WCNT-based effective reinforcements and the

vinyl-ester-epoxy polymer matrix.

Fig. 1 Atomic structure of a short segment of the
3WCNT + surrounding poly-vinyl-ester-epoxy based effective
reinforcement used in the present work
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3WCNT-based effective reinforcements

The analysis carried out in our recent work [32] clearly

established that the 3WCNT-based effective rein-

forcements are transversely isotropic materials with

the plane of isotropy being normal to the nanotube-

reinforcement axis. Within a reinforcement-based local

coordinate system in which the x1 axis is aligned with

the reinforcement axis, the linear elastic stiffness

matrix is defined in terms of five independent stiffness

components (C11, C22, C12, C23, and C44). The values of

these constants are found to be (at least initially) lin-

early dependent on the extent of sidewall covalent

functionalization of the 3WCNTs. A summary of the

elastic stiffness properties as a function of the degree of

sidewall functionalization of the 3WCNTs is given in

Table 1.

As far as the yield behavior of the effective rein-

forcement is considered, it is found to be governed by a

six-coefficient parabolic yield function in the form:

a11r2
11 þ a22 r2

22 þ r2
33

� �
þ 2a12 r11r22 þ r11r33ð Þ

þ2a23r22r33 þ 2a44r2
23 þ 2a66 r2

31 þ r2
12

� �
¼ R ð1Þ

where a’s and R are yield-function coefficients (one of

these is not independent) and r’s are the stress com-

ponents.

The values of the coefficients appearing in Eq. 1, as

a function of the degree of sidewall functionalization of

the 3WCNTs, are listed in Table 2. As seen in Table 2,

the effective-reinforcement material displays a linear

strain-hardening behavior since the square root of the

coefficient R (which scales with the flow stress) is a

linear function of the equivalent plastic strain, epl.

The failure behavior of the 3WCNT-based effective

reinforcement is defined using an orthotropic damage

model. Within this model, the failure initiation is

stress-based and occurs when the magnitude of a stress

component rij reaches a critical value, rij
*. The values of

the critical stress components, as determined in our

previous work [32], are listed in Table 3. The failure

initiation criteria mentioned above defines a surface of

valid stresses. If a state of stress is found to lie outside

of this surface during loading, a backward-Euler algo-

rithm is used to return the stress to the failure surface.

The resulting inelastic incremental strain is accumu-

lated and generally referred to as a ‘‘cracked strain,’’

ecr. This causes a reduction in the maximum stress that

the material can support, i.e. strain softening. The en-

ergy absorbed by the material during post-initiation

failure is proportional to the corresponding material

fracture energy, Gij, where the subscripts i and j denote

the orientation of the crack surfaces and the mode

(normal versus shear) of loading, respectively. Thus a

full definition of the orthotropic damage model used in

the present work entails the knowledge of the six

critical failure-initiation stress components and the six

post failure-initiation fracture energies. The values of

the fracture energies, as determined in our previous

work [32], are listed in Table 3.

The post-initiation strain-softening behavior

described above is typically approximated using a

linear damage model within which the critical failure-

Table 1 The effect of sidewall covalent functionalization on the
linear elastic stiffness coefficients for the 3WCNT-based effective
reinforcementsa

Elastic constant Unit Functionalization
dependent value

C11 GPa 282.3 + 10.40pb

C22 GPa 269.3 + 73.17p
C12 GPa 59.60 + 2.196p
C23 GPa 271.2 + 82.29p
C44 GPa 3.840 + 0.485p

a Reinforcement axis is along the x1 coordinate axis
b p = percent of the outer wall 3WCNT sites covalently func-
tionalized

Table 2 The effect of sidewall covalent functionalization on the quadratic yield function coefficients for the 3WCNT-based effective
reinforcementsa

Coefficient Unit Functionalization dependent value

a11 N/A 0.0015133 + 0.00023667pb

a22 = a33 N/A 0.66667
a12 = a13 N/A –0.45333 – 0.01333p
a23 N/A –0.17333 + 0.013333p
a44 N/A 1.5667 – 0.066667p
a55 = a66 N/A 0.9507 + 0.004333p
R MPa2 ð1944:0þ 403:71pÞ 1þ 4:67�epl

� �2

a Reinforcement axis is along the x1 coordinate axis
b p = percent of the outer wall 3WCNT sites covalently functionalized
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stress components decrease linearly with the corre-

sponding component of the cracked strain. A complete

failure for a given mode of loading occurs when the

corresponding crack strain reaches a critical value. The

critical crack-strain values scale with the corresponding

fracture energies and are inversely proportional to the

corresponding critical failure-initiation stresses. The

extent of post failure-initiation damage associated with

a given mode of loading, Dij, is defined as the ratio of

the corresponding current crack strain and the corre-

sponding maximum crack strain. Thus, the extent of

damage is zero at the point of failure initiation and is

equal to one at the point when the material completely

loses the ability to support the given type of load.

Furthermore, the post-initiation critical failure stress

associated with a given mode of loading decreases at a

rate of (1–Dij) from its maximum failure-initiation

value. A complete loss of the load carrying capacity for

multi-axial loading then is defined by the following

criterion:

r11

r�
11
ð1�D11Þ

� �2

þ r22

r�
22
ð1�D22Þ

� �2

þ r33

r�
33
ð1�D33Þ

� �2

þ r12

r�
12
ð1�D12Þ

� �2

þ r23

r�
23
ð1�D23Þ

� �2

þ r31

r�
31
ð1�D31Þ

� �2

� 1 ð2Þ

Vinyl-ester-epoxy polymer matrix

The poly-vinyl-ester-epoxy matrix is treated as follows

(a) A linear-elastic isotropic material with the

weakly (and hence assumed non) rate-dependent

elastic modulus E = 2.9 GPa and the Poisson’s ratio

m = 0.39 [34];

(b) The isothermal isotropic yield behavior of this

material is taken to be governed by the von-Misses

J2 criterion. While the yield stress ry and the

isotropic work-hardening rate h of this material are

deformation-rate dependent, only their high defor-

mation-rate values are used and the overall yield

behavior assumed to be rate-independent. This can

be justified by the fact that the main intended use of

the present material model for the MWCNT-rein-

forced poly-vinyl-ester-epoxy is in the simulations of

the ballistic performance of armor where the atten-

dant deformation rates are quite high. The yield

behavior of the poly-vinyl-ester-epoxy has also been

expressed using the six-coefficient parabolic yield

function, Eq. 1, except for the following conditions

a11 = a22 = a33 = 2/3, a12 = a23 = a31 = –1/3, a44 =

a55 = a66 = 1, and R = 2/3r flow
2 where the flow stress,

rflow ¼ ry þ h�epl; (�epl is the equivalent plastic strain)

and

(c) Failure of the poly-vinyl-ester-epoxy matrix is

taken to occur at an equivalent plastic-strain level of
�epl ¼ 0:045 and to be associated with a fracture

energy level of G = 96 J/m2 [35].

A summary of the mechanical properties of the

vinyl-ester-epoxy polymer matrix is given in Table 4.

Micro-mechanics based analysis of composite

effective mechanical properties

In this section, the mechanical properties of the two

constituent materials (the effective 3WCNT-rein-

forcements and the poly-vinyl-ester-epoxy) are

Table 3 The effect of
sidewall covalent
functionalization on the
failure parameters for the
3WCNT-based effective
reinforcementsa

a Reinforcement axis is
along the x1 coordinate axis
b p = percent of the outer
wall 3WCNT sites covalently
functionalized

Parameter Symbol Unit Functionalization dependent value

Failure stress r 11
* MPa 1,168.6 + 4.545p *

Failure stress r 22
* MPa 52.100 + 2.511p

Failure stress r 33
* MPa 52.100 + 2.511p

Failure stress r 12
* MPa 30.899 + 0.893p

Failure stress r 23
* MPa 30.080 + 1.443p

Failure stress r 31
* MPa 30.899 + 0.893p

Fracture energy G11 J/m2 292.01 + 1.89p
Fracture energy G22 J/m2 65.125 + 0.393p
Fracture energy G33 J/m2 65.125 + 0.393p
Fracture energy G12 J/m2 68.73 + 1.94p
Fracture energy G23 J/m2 67.68 + 2.03p
Fracture energy G31 J/m2 68.73 + 1.94p

Table 4 Stiffness, yield and failure properties of the poly-vinyl-
ester-epoxy

Property Symbol Unit Value

Young’s Modulus E GPa 2.9
Poisson’s ratio m N/A 0.39
Yield stress ry MPa 52
Tangent Modulus h MPa 21
Failure strain efail N/A 0.045
Fracture energy G J/m2 96
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utilized within a micromechanics based frame work to

determine the effective mechanical properties of the

3WCNT-reinforced poly-vinyl-ester-epoxy based com-

posite materials.

Elastic properties

The effective linear elastic properties of the composite

material at hand are determined using the Mori–

Tanaka micromechanics elastic-inhomogeniety method

[36–39]. According to this method, the complete elastic

stiffness tensor of a transversely-isotropic composite

material is defined as:

C ¼ Cm þ mf Cf � Cm
� �

Af
� �

mmI þ mf Af
� �� ��1 ð3Þ

where mf and mm are the reinforcement and the matrix

volume fractions, respectively. I is the identity tensor,

Cm is the stiffness tensor of the matrix material, Cf is

the stiffness matrix of the reinforcement material and

Af is the reinforcement dilute mechanical strain-

concentration tensor defined as:

Af ¼ I þ S Cmð Þ�1 Cf � Cm
� �h i�1

ð4Þ

where S is the Eshelby tensor [40]. The angle brackets

(Æ...æ) in Eq. 3 are used to represent the average value

of the respective quantities over all reinforcement

orientations after the quantities are expressed within

the global (composite) coordinate system (x1
¢¢¢, x2

¢¢¢, x3
¢¢¢)

using the proper transformation from the local

(reinforcement) coordinate system (x1, x2, x3). For

example, the dilute mechanical strain-concentration

tensor for a reinforcement Af after transformation to

the global coordinate system is given as:

�Af
ijkl ¼ cipcjqckrclsA

f
pqrs ð5Þ

where cij’s are the direction cosines for the local-to-

global coordinate transformation which are expressed

in terms of the appropriate Euler angles u, c and w
(defined in Fig. 2) as:

c11 ¼ cos / cos w� sin / cos c sin w ð6Þ

c12 ¼ sin / cos wþ cos / cos c sin w ð7Þ

c13 ¼ sin w sin c ð8Þ

c21 ¼ � cos / sin w� sin / cos c cos w ð9Þ

c22 ¼ � sin / sin wþ cos / cos c cos w ð10Þ

c23 ¼ sin c cos w ð11Þ

c31 ¼ sin / sin c ð12Þ

c32 ¼ � cos / sin c ð13Þ

c13 ¼ cos c ð14Þ

The dilute mechanical-strain tensor expressed in the

global coordinate system and averaged over all rein-

forcement orientations is then given as [41]:

�Af
� �

¼

Rp

�p

Rp

0

R
p
2

0

�Af /;w; cð Þ k /;wð Þ sin cð Þd/dcdw

Rp

�p

Rp

0

R
p
2

0

k /;wð Þ sin cð Þd/dcdw

ð15Þ

where k (u, w) is the orientation distribution function

defined as

k /;wð Þ ¼ exp½�s1/
2� exp½�s2w

2� ð16Þ

and where the factors s1 and s2 control the

orientation distribution function. Three cases of the

orientation distribution function most frequently

encountered are

Random:s1 ¼ 0; s2 ¼ 0 k /;wð Þ ¼ 1 ð17Þ

Aligned:s1 ¼ 1; s2 ¼ 1 k /;wð Þ ¼ d /� 0ð Þd w� 0ð Þ
ð18Þ

Axisymmetric:s1 ¼ k; s2 ¼ 1 k /;wð Þ
¼ exp½�k/2�d w� 0ð Þ

ð19Þ

where d y� �yð Þ is the Dirac’s delta function, centered at
�y: The ‘‘random’’ case refers to a three dimensional

random orientation of the reinforcements which gives

rise to an isotropic response of the material. The

‘‘aligned’’ case corresponds to perfectly aligned rein-

forcements along the x1
¢¢¢ global-coordinate axis. It

should be noted that the constant k describes the rela-

tive amount of alignment of the reinforcements with

respect to the x1
¢¢¢ axis. For large values of k (k fi ¥),

the axisymmetric case approaches the aligned case,

while for small values of k (k fi 0), the reinforcements

are axisymmetrically distributed over all values of angle

u (i.e., randomly oriented) with respect to the x1
¢¢¢ axis.

In the present work, the reinforcements are assumed

to lie in an x1
¢¢¢–x2

¢¢¢ plane (the plane parallel to the mat

surfaces) and to be randomly distributed in such a

plane (a transversely isotropic orientation of the rein-

forcements). For such a distribution function c = 0,

w = 0 and 0 £ u £ p, k (u) = 1 and the direction

cosines given by Eqs. 6–14 define a simple rotational

matrix about the local x3-axis by a rotation angle u. It

4614 J Mater Sci (2007) 42:4609–4623
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should be recalled that the axis of the effective rein-

forcements is aligned in the local x1 direction, while the

composite material surfaces are normal to the global

x3
¢¢¢ axis and the reinforcements are located in the global

x1
¢¢¢–x2

¢¢¢ plane.

The effective elastic stiffness components of the

3WCNT-reinforced poly-vinyl-ester-epoxy matrix

composite at given volume fractions and elastic prop-

erties of the two constituent materials, a specified

reinforcement aspect ratio, a defined extent of sidewall

functionalization of the 3WCNTs and for the trans-

versely-isotropic distribution of the reinforcements are

computed using Eqs. 3–15. When calculating the Es-

helby tensor in Eq. 4, the cylinder-like effective rein-

forcements were assumed to have a prolate spheroidal

geometry with a large aspect ratio.

Yield behavior

The load applied on a composite material is partitioned

between its constituents (the reinforcements and the

matrix). The onset of plasticity (or fracture) in the

composite material then takes place when the general

yield (or fracture) occurs in one of its constituents.

There are many models in the literature which deal with

the assessment of the effective strength and fracture

properties of composite materials in terms of the prop-

erties of the constituent materials, composite architec-

ture/microstructure, reinforcement/matrix interfacial

bond strength and the dimensional scale. All these

assessments fall within a property range. The upper

bound of such a range for strength is defined by a simple

rule of mixtures [34]. The lower bound is generally

dependent on the composite architecture/microstruc-

ture and the reinforcement/matrix interfacial bond

strength. In the present work, the following conservative

estimate for the lower-bound composite strength con-

sistent with the requirements for a continuous, ductile,

matrix containing strong reinforcements and a perfect

reinforcement/matrix bonding is used:

ry ¼ ry;m 1þ 1

16

m
1
2

F

1� m
1
2

F

 !" #

ð20Þ

Fig. 2 Orientation
relationship between the local
reinforcement-based
coordinate system x1–x2–x3

and the global composite-
based x1

¢¢¢–x2
¢¢¢– x3

¢¢¢ coordinate
system
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where ry and ry, m denote the composite and the

matrix yield/flow stresses, respectively. As explained

earlier, since the polymer material within the effective

reinforcements which surrounds the 3WCNT is fully

entangled with the matrix polymeric material, the

assumption regarding a perfect reinforcement/matrix

bonding appears justified.

Since the plastic flow behaviors of both the 3WCNT-

reiforcements and the matrix were defined in the

previous two sections using a six-parameter parabolic

yield function, Eq. 1, an attempt is made here to extend

this approach to the composite material. This was done

using the following steps:

(a) First, the parabolic yield-function constants aij’s

for isolated effective reinforcements (aligned in the

local x1-direction) are used to compute the corre-

sponding constants aij’s for the matrix-free 3WCNT-

based mats in which the reinforcements are distributed

randomly within a global x1
¢¢¢–x2

¢¢¢ plane (Fig. 3) as:

a�11 ¼
a11 þ a22

2
¼ a�22 ð21Þ

a�33 ¼ a22 ð22Þ

a�12 ¼
a12 þ a23

2
ð23Þ

a�23 ¼ a�31 ¼ a12 ð24Þ

a�44 ¼ a�55 ¼
a44 þ a66

2
ð25Þ

a�66 ¼ a44 ð26Þ

where the values of aij’s appearing on the right hand

side of Eqs. 21–26 are given in Table 2 and the values

of these coefficients for the matrix-free mats is given in

Table 5. The matrix-free 3WCNT-based yield function

is then defined as:

a�11 r2
11þr2

22

� �
þ a�33r

2
33þ 2a�12r11r22

þ2a�23 r11r33þr22r33ð Þþ 2a�44 r2
23þr2

31

� �

þ2a�66r
2
12 ¼R¼ 2

3r2
y ð26Þ

(b) The aij yield-function coefficients for the com-

posite material are then defined using the rule of

mixtures and the corresponding values for these coef-

ficients for the two constituent materials. As far as the

coefficient R ¼ 2
3 r2

y is concerned, it is defined using the

lower-bound estimate for the composite yield/flow

stress, ry, Eq. 20. It should be noted that this approach

correctly predicts that in the case of through-the-

thickness uniaxial loading (only r33 non-zero), plastic

yielding occurs at a stress level equal to the matrix

yield stress modified by the plastic constraining effect

of the reinforcements (the lower bound value), as

defined by Eq. 20.

Failure behavior

Our previous simulation work [32] clearly established

that the onset of failure in 3WCNT-based effective

reinforcements initiates at the SWCNT/polymer

interface and that it is stress controlled. A preliminary

atomic-level calculation [33] of the mechanical re-

sponse of a single effective reinforcement embedded

into the poly-vinyl-ester epoxy matrix suggests that the

onset of failure in such composite material also takes

place at the 3WCNT/polymer interface and that the

stress-based failure-onset criterion can also be applied

to the composite material as a whole. However, since

the effective reinforcements carry a larger portion of

Fig. 3 A schematic of the matrix-free 3WCNT-based mat

Table 5 The effect of sidewall covalent functionalization on the
quadratic yield function coefficients for the matrix-free 3WCNT-
based matsa

Coefficient Unit Functionalization dependent valueb

a11
* = a22

* N/A 0.33410 + 0.00011830p
a33

* N/A 0.66667
a12

* N/A –0.31333
a23

* = a13
* N/A –0.45333 – 0.01333p

a44
* = a55

* N/A 1.2587 – 0.031167p
a66

* N/A 1.5667 – 0.066667p
R MPa2 N/A

a Mat faces normal is along the x1 coordinate axis
b p = percent of the outer wall 3WCNT sites covalently func-
tionalized
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the load in the composite material, the values of failure

stresses, r11
* , r 22

* , etc. in Table. 3, are re-evaluated for

the composite material using a rule of mixtures

approach with the (isotropic) failure stress for the

matrix equal to its flow stress at the failure strain,

efail = 0.045. As far as the fracture energy components

of the composite material are concerned, they were

also assumed to be given by a rule of mixtures and the

isotropic fracture energy of the poly-vinyl-ester-epoxy

matrix. This assumption appears justified by the fact

that due to a discontinuous nature of the reinforcement

phase and its small size, the cracks (while initiated at

the nanotube/polymer interfaces) have to propagate

through the matrix before the final failure of the

composite material takes place.

Equation of state

In addition to the stiffness, strength, and failure

equations defined in the previous sections, a complete

ballistic material model requires specification of an

equation of state. An equation of state defines a

functional relationship between pressure, P, mass-

density, q (specific volume, v) and internal energy

density, e (temperature, T). A derivation of the equa-

tion of state for a transversely orthotropic material

with the x1
¢¢¢– x2

¢¢¢ plane of symmetry was reviewed in our

recent work [32] and yielded:

P ¼� 1

9
2C11 þ C33 þ 2 C12 þ 2C13ð Þ½ �evol

� 1

3
C11 þ C12 þ C13ð Þðed

11 þ ed
22Þ

� 1

3
2C13 þ C33ð Þed

33

ð27Þ

The first term on the right hand side of Eq. 27 rep-

resents the standard linear relationship between the

pressure and volumetric strain, evol, while the remain-

ing terms on the right hand side of the same equation

account for the coupling between the pressure and the

deviatoric strain, e ij
d. The later terms of Eq. 27 are

absent in the case of isotropic materials. The constant

part of the first term on the right hand side of Eq. 27

represents the effective bulk modulus of the material,

K. Under high strain-rate ballistic loading conditions,

the relationship between the pressure and the volu-

metric strain is typically non-linear and, consequently,

the first term on the right hand side of Eq. 27 is

replaced by a non-linear relationship between the

pressure and volumetric strain. Usually, the Mie–

Gruneisen [42] equation of state is used to represent

the first term on the right hand side of Eq. 27.

The Mie–Gruneisen equation of state defines the

effect of current material mass density, q, and internal

energy density, e, on pressure, P, as:

P ¼ PH þ Cq½e� eH � ð28Þ

where the reference material states denoted by a

subscript H correspond to the Hugoniot shock states

of the material. These reference states are obtained

by solving a system of simultaneous algebraic

equations defining, for a stationary shock, the mass

conservation, the momentum conservation and the

energy conservation and a linear relationship

between the shock speed, us and the particle

velocity up, us = c0 + sup. The constants c0 and s

represent, respectively the bulk sound speed and a

rate constant in the material. The bulk sound speed

c0 is given by:

c0 ¼
ffiffiffiffi
K

q

s

ð29Þ

where K is the effective bulk modulus of the material,

defined in Eq. 27, and q is the current material mass

density. The values for c0 for the composite material at

hand is calculated using Eq. 29 while the value for s

was taken for the carbon-fiber reinforced epoxy poly-

mer-matrix composite from the AUTODYN material

database [43].

The Hugoniot quantities appearing in Eq. 28 are

then computed as:

PH ¼
q0c2

0l 1þ lð Þ
1� s� 1ð Þl½ �2

ð30Þ

and

eH ¼
1

2

PH

q0

l
1þ l

� 	
ð31Þ

where q0 denotes the initial (reference) material den-

sity.

The parameter G appearing in Eq. 28 (the Gruneisen

Gamma) is a known thermodynamic material property

and is defined as: G (m) ” v(¶P/¶e)v. Gruneisen gamma

allows the determination of thermodynamic states

away from the reference Hugoniot states. Using the

Maxwell-type state-property thermodynamic relations

resulting from the Debye model for solids, the Grun-

eisen Gamma can be expressed as a function of the

linear thermal expansion coefficient, a, the bulk mod-

ulus, K, the constant-volume specific heat, Cv and the

density, q, as:
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C � 3aK

qCV
ð32Þ

Equation 32 and the rule-of-mixtures based values

for the linear thermal expansion coefficient, the bulk

modulus, the constant-volume specific heat, and the

density are then used to compute the Gruneisen

Gamma for the composite material at hand.

Testing of the present model

While the main objective of the present work was to

carry out and report a detailed derivation of a ballistic

material model for 3WCNT-reinforced poly-vinyl-

ester-epoxy matrix composites the results of a few

computational analyses of the ballistic performance of

this material will be reported in this section in order to

reveal the role of the basic material, architectural/

microstructural and interfacial parameters. A detailed

study of the ballistic performance of the composite

material at hand will be reported in a companion paper

[44]. All the calculations discussed in this section were

carried out using AUTODYN a general-purpose non-

linear dynamics computer program [43].

Problem definition

In the present work, a transient non-linear dynamics

analysis of the impact and penetration of 3WCNT-

reinforced poly-vinyl-ester-epoxy matrix composite

armor by a Fragment Simulating Projectile (FSP) is

carried out in order to determine the ballistic perfor-

mance and the protection potential of the armor. The

work was limited to the case of a normal impact of the

armor by the FSP and, due to the axisymmetric nature

of the problem, all the calculations are carried out

using a two-dimensional (axisymmetric) model. A

simple schematic of the projectile/armor impact/pene-

tration problem analyzed here is given in Fig. 4. The

projectile is cylindrical in shape with a diameter of

12.7 mm and a height of 12.7 mm. A constant initial

normal velocity of 600 m/s is assigned to the projectile

made of AISI 4340 steel and thus the initial kinetic

energy of the projectile is approximately 2.3 kJ. A

fixed thickness of 25.4 mm and a fixed lateral dimen-

sion of 100 mm for the armor are used for all the cases

analyzed.

The interaction between the projectile and the ar-

mor is accounted for using the part-coupling option

available in AUTODYN [43]. Except for the projec-

tile/armor contact surfaces, zero-stress boundary con-

ditions are prescribed on all faces of the projectile and

the armor. All the calculations are carried out using the

Lagrange processor for both the projectile and the

armor. The projectile is represented using a mesh

consisting of 900 rectangular cells. A mesh consisting

of 3,000 rectangular cells is used to represent the ar-

mor. To improve the accuracy of the analysis, smaller

cells are used in the regions of the projectile and the

armor involved in the projectile/armor interactions.

The computational mesh used is depicted in Fig. 5. It

should be noted that the axis of symmetry in Fig. 5 is

aligned with the left edge of the computational

domain. A standard mesh sensitivity analysis is carried

out in order to ensure that the results obtained are

insensitive to the size of the cells used.

The ballistic performance of armor is quantified by a

fraction of the initial kinetic energy of the projectile

which has been absorbed by the armor or by impact-

induced plastic deformation of the projectile. This

quantity is referred to as the ‘‘kinetic energy fraction

absorbed’’ in the remainder of the paper.

Armor

Projectile

Fig. 4 A schematic of the projectile/armor impact analyzed in
the present work

Fig. 5 The computational model of the projectile/armor impact
analyzed in the present work
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The effect of the following main 3WCNT-reinforced

poly-vinyl-ester-epoxy matrix composite material

parameters on the ballistic performance of the armor

are examined in the next three sections: the 3WCNT-

reinforcement length (i.e., the nanotube aspect ratio),

the volume fraction of the reinforcement phase and the

extent of side-wall covalent functionalization of the

3WCNT reinforcements.

A typical distribution of the damage/failure modes

in the FSP and in the armor obtained in the present

work is displayed in Fig. 6. The main damage/failure

modes observed include plastic deformation, rein-

forcement breakage, reinforcement pull-out from the

matrix and tensile failure on planes parallel with the

armor faces (‘‘delamination’’). A more comprehensive

discussion of these damage/failure modes will be pre-

sented in our future correspondence [44].

The effect of the 3WCNT length/aspect ratio

It is well-established that the extent of the matrix-to-

reinforcement load transfer increases with the length

(i.e., the aspect ratio) of the reinforcements giving rise

to an enhanced stiffness of the composite material. The

micro-mechanics based model utilized in the present

work takes full account of this effect. Unfortunately,

our atomistic calculations carried out in Ref. [32] were

based on a short segment of the 3WCNT and, hence,

the effect of the reinforcement length on the strength

and the fracture properties could not be determined.

Consequently, any effect of an increased 3WCNT

length on the ballistic performance of the armor

observed in the present work should be attributed so-

lely to the attendant increase in the composite-material

stiffness.

In this section, the effect of 3WCNT-reinforcement

length on the ballistic performance of 3WCNT-rein-

forced poly-vinyl-ester-epoxy armor is examined. The

respective results at two levels (0.1 and 0.2) of the

3WCNT-reinforcement volume fraction (defined in

the next section) in the case of non-functionalized

3WCNTs are displayed in Fig. 7a. The corresponding

results for the case of functionalized 3WCNTs with 4

percent of the outer-wall nanotube sites being cova-

lently functionalized are also displayed in Fig. 7(a).

The results displayed in Fig. 7a can be summarized as

follows:

(a) Overall, the effect of reinforcement length/aspect

ratio on the magnitude of kinetic energy fraction

absorbed is small. At the reinforcement volume

fraction of 0.1, the effect of reinforcement length is

essentially insignificant. At the reinforcement vol-

ume fraction of 0.2, an increase in the reinforcement

length gives rise to a decrease in the kinetic energy

fraction absorbed, although the effect is quite small;

and

(b) The magnitude of the reinforcement-length

effect at different values of reinforcement volume

fraction is not altered by the extent of covalent

functionalization of the nanotubes’ outer-wall.

In order to help rationalize the results presented in

Fig. 7a, the effect of the reinforcement aspect ratio on

the in-plane stretching stiffness modulus and the out-

of-plane shear modulus of the composite material at

the same levels of the extent of covalent functional-

ization and the reinforcement volume fraction (used

in Fig. 7a) is analyzed. The results of this analysis are

presented in Fig. 7b and c, respectively. The in-plane

stretching stiffness modulus relates the in-plane

balanced tensile stresses with the corresponding ten-

sile strains under a zero value of the through-the

thickness stress and is defined as: Ein�plane ¼
C11þC12ð ÞC33�2C2

13

C33
: The out-of-plane shear modulus is

defined, on the other hand, as: Gout-of-plane = C44.

These elastic moduli quantify the stiffness of a com-

posite plate with respect to in-plane stretching and

through-the-thickness shear, the two modes of defor-

mation which dominate the elastic interactions be-

tween an FSP and the armor.

The effect of reinforcement aspect ratio on the

in-plane stretching stiffness modulus of the composite

material at two levels (0% and 4%) of the extent of

covalent functionalization of the nanotubes and at two

levels (0.1 and 0.2) of the volume fraction of the

nanotubes is displayed in Fig. 7b. The results displayed

in Fig. 7b can be summarized as follows:

(a) The in-plane stretching stiffness modulus in-

creases with the increase in the aspect ratio of the

reinforcements at all levels of covalent functional-

ization and the reinforcement volume fractions

examined;

Fig. 6 An example of the results pertaining to the distribution of
the material damage/failure modes resulting from the impact of a
FSP with the 3WCNT-reinforced poly-vinyl-ester-epoxy com-
posite armor
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(b) The effect of an increase in the reinforcement

aspect ratio is significant up to a value of approxi-

mately 100. Beyond this value of the aspect ratio, the

effect is minor;

(c) At a constant value of the aspect ratio the in-

plane stretching stiffness modulus increases with

both the extent of covalent functionalization and

with the reinforcement volume fraction, although

the effect of the increased volume fraction is

significantly higher; and

(d) At a fixed value of the reinforcement aspect

ratio, the effect of covalent functionalization in-

creases with an increase in the reinforcement volume

fraction.

The results displayed in Fig. 7c reveal:

(a) The reinforcement aspect ratio has essentially a

negligible effect on the out-of-plane shear modulus

of the composite material; and

(b) At a fixed value of the aspect ratio, the out-

of-plane shear modulus increases both with the

reinforcement volume fraction and with the extent

of covalent functionalization, although the effect of

volume fraction is significantly higher.

Based on the findings reported above and an

observation that no significant plastic deformation,

fracture or erosion of the FSP occurs, it is clear that

plastic deformation of the armor followed by damage

and ultimate failure are the main mechanisms respon-

sible for the observed absorption of the FSP’s kinetic

energy by the armor. Under such circumstances, the

ability of the armor to absorb the kinetic energy is

primarily controlled by the armor-material strength

and toughness (two properties which are not affected

by the reinforcement aspect ratio in the present

material model). The effect of the armor-material

stiffness is relatively weak and an increase in the

material stiffness would decrease the kinetic energy

fraction absorbed, as observed in Fig. 7a.

The effect of the 3WCNT volume fraction

As discussed in section ‘‘Introduction,’’ carbon

nanotubes are quite expensive materials. Even the cost

of MWCNTs produced using large-scale processing

routes can run in to hundreds of dollars per pound. It is

hence critical to examine the effect of the volume

fraction of the carbon nanotubes on to the ballistic

performance of armor in order to determine the opti-

mal reinforcement volume fraction, i.e., the volume

fraction beyond which the additional increase in

armor’s ballistic performance is not large enough to be

justified by the high material cost. In this section, the

effect of the 3WCNT volume fraction on the ballistic

performance of the 3WNCT-reinforced poly-

vinyl-ester-epoxy armor is examined. The volume of

the 3WCNT reinforcements is computed by first
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Fig. 7 The effect of the reinforcement aspect ratio on: (a) the
kinetic energy fraction absorbed; (b) the in-plane stretching
stiffness modulus, and (c) through-the-thickness shear modulus
in 3WCNT-reinforced poly-vinyl-ester-epoxy composite
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approximating the 3WCNTs as an assembly of three

concentric cylinders with the cylinders wall thickness

equal to the inter-planar distance in graphite and then

computing the total volume of the three cylinders.

The effect of reinforcement volume fraction in a

range between 0.0125 and 0.5, on the kinetic energy

fraction absorbed at two levels (0% and 4%) of the

extent of covalent functionalization of the carbon

nanotubes and two levels (20 and 200) of the rein-

forcement aspect ratio is shown in Fig. 8. The results

shown in Fig. 8 can be summarized as follows:

(a) The effect of an increase in the reinforcement

volume fraction on the kinetic energy fraction

absorbed is relatively weak. Nevertheless, there

appears to be an optimal volume fraction of the

reinforcements. In the case of non-functionalized

reinforcements the optimal reinforcement volume

fraction is around 0.01–0.02. In the case of the

reinforcements with the extent of covalent function-

alization of 4% the optimal reinforcement volume

fraction is around 0.1;

(b) While the effect of aspect ratio on the kinetic

energy fraction absorbed is relatively small at low

reinforcement volume fractions, the composite

materials containing reinforcements with a low

aspect ratio, has a higher capacity for kinetic energy

absorption at higher values of reinforcement volume

fraction; and

(c) The magnitude of the increase in the kinetic

energy fraction absorbed associated with an increase

in the extent of nanotube’s outer-wall functionaliza-

tion is a weak function of the reinforcement volume

fraction.

These findings are also consistent with the fact that

the ability of the composite material to absorb the ki-

netic energy of the FSP is dominated by the armor-

material strength and toughness as discussed in the

previous section.

The effect of the 3WCNT outer-wall covalent

functionalization

As discussed in section ‘‘Introduction,’’ covalent

functionalization of the outer walls of carbon-nanotube

reinforcements plays a critical role in the matrix-to-

reinforcement load transfer. A good matrix-to-rein-

forcement load transfer is very critical for composite

materials used in structural (static load-bearing)

applications. In conventional composite-material based

armor, on the other hand, it is generally believed that a

week matrix-to-reinforcement load transfer is pre-

ferred since it promotes a fiber pull-out mode of failure

of the composite-material, the mode which is accom-

panied with substantial energy absorption. The pri-

mary energy absorption mechanism associated with the

fiber pull-out is formation of the reinforcement and

matrix free surfaces. This macroscopic-continuum view

may not be fully applicable to the case of carbon-

nanotube reinforced polymer-matrix composite in

which the reinforcements are at the same length scale

as the matrix molecules. A close look at the atomic-

scale structure in the region surrounding the nanotube/

polymer interface reveals that [32]: (a) There is no

well-defined nanotube/polymer interface but rather an

interfacial region (interphase) in which the polymer

conformation is altered as a result of its interaction

with the reinforcement; (b) During fiber pull-out, for

the most part, no new free surfaces are created but

rather the polymer confirmation and/or the reinforce-

ment defect microstructure are changed; and (c) The

matrix-to-reinforcement load transfer essentially cea-

ses when the molecules of the polymer in the inter-

phase region become disentangled from the bulk-

polymer molecules and/or when the functionalizing

bonds break. Under such conditions, the dominant

energy absorption mechanism accompanying nano-

tube-reinforcement pull-out is the irreversible (plastic)

deformation associated with the aforementioned mol-

ecule disentanglement. For this mechanism to be effi-

cient, it should involve both high stress levels

(promoted by a good matrix-to-reinforcement load
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transfer) and by a large interface strain prior to full

disentanglement (affected by a competition between

molecule disentanglement and detachment from the

matrix, on one hand, and functionalizing-bond failure

at he nanotube outer wall, on the other. As reported in

section ‘‘Micro-mechanics based analysis of composite

effective mechanical properties,’’ our atomistic simu-

lation results [32] suggested that, at least initially, the

fracture energy (and thus the strain preceding mole-

cules disentanglement) increases with the extent of

covalent side-wall functionalization of the 3WCNT

reinforcements.

The effect of an increase in the extant of covalent

functionalization of the nanotube’s outer-wall in a

range between 0% and 8% on the kinetic energy

fraction absorbed at two levels (20 and 200) of the

reinforcement aspect ratio and two levels (0.1 and 0.2)

of the reinforcement volume fraction is displayed in

Fig. 9. The results shown in Fig. 9 indicate that:

(a) An increase in the extent of covalent function-

alization gives rise to an increase in the kinetic

energy fraction absorbed;

(b) This effect is relatively weak; and

(c) The magnitude of the effect of the extent of

covalent functionalization is fairly insensitive to the

magnitude of the reinforcement aspect ratio and/or

the reinforcement volume fraction.

These results are consistent with those already

reported and discussed in sections ‘‘The effect of the

3WCNT length/aspect ratio’’ and ‘‘The effect of the

3WCNT volume fraction’’ and with our previous find-

ings [32] that the fracture energies increase with the

extent of covalent functionalization and, hence, no

further elaboration appears warranted.

Summary and conclusions

Based on the results obtained in the present work, the

following summary and main conclusions can be made:

1. Atomic-scale calculation results obtained in our

previous work [32] have been utilized within a

micro-mechanics based framework to derive the

continuum-level material model for a model multi-

walled carbon nanotube-reinforced poly-vinyl-

ester-epoxy matrix composite material.

2. The material model derived in the present work

takes into account the effect of the major micro-

structural aspects of the composite material, i.e.,

the reinforcements’ aspect ratio and volume

fraction as well as the extent of covalent func-

tionalization of the outer-wall of the nanotube-

reinforcements.

3. The utilization of this model within a non-linear

dynamics analysis of the interaction between a

Fragment Simulated Projectile (FSP) and a carbon-

nanotube reinforced polymer-matrix composite

armor reveals that the dominant projectile-defeat

mechanism is the absorption of the FSP’s kinetic

energy. In other words, the composite material at

hand appears to be primarily suitable as a spall liner

in a multi-layer hybrid-armor structure.

4. The computational results obtained suggest that in

order to maximize the ability of the composite

armor to absorb the projectile’s kinetic energy, the

armor composite material should contain around

10 volume percents of the reinforcements with a

smaller aspect ratio (length) and a high level of

covalent functionalization.
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